I The seed used was kindly supplied by the California Packing Corporation. 6 The assays for p-amino benzoic acid were carried out by Prof. G. W. Beadle and Prof. E. Tatum, Stanford University, using a mutant of Neurospora crassa for which p-amino benzoic acid is an essential supplement.
7In 5. experiments sulfanilamide or its derivatives were applied to intact tomato plants grown in the greenhouse in sand or solution culture. Concentrations of up to 125 mg. per liter of nutrient were found to be without marked inhibiting effect on root or top growth.
GENERAL CONGRUENCES INVOLVING THE BERNOULLI NUMBERS By H. S. VANDIVER DEPARTMENT OF PURE MATHEMATICS, THE UNIVERSITY OF TEXAS
Communicated May 29, 1942 Kummer' gave a result which may be expressed as follows:
where p is an odd prime; the left-hand member is expanded in full, then b1/t is substituted for ht, and the b's are defined by the recursion formula (b + 1)In = bn, (n > 1),
-in which we expand the left-hand member by the binomial theorem and substitute bk for bk. The latter formula gives the Bernoulli numbers. The congruences (1) have played an important part in the development of the arithmetic theory of these numbers.
In the present paper we shall employ the theorem which the writer gave in another paper,2 the statement of which, for convenience, is repeated here: THEOREM I. Let We shall now obtain wide generalizations of (1). In another article the writer defined what was called a Bernoulli number of the rth order as follows:
(m,b(r) + mr _ 1b(r-1) + ... + mlb' + mo)'
where the left-hand member is expanded in full and bs substituted for bs(k); k = 1, 2, ..., r.
For r = 1 and 2, it will be shown that congruences of the type (1) as well as much more general ones also hold for these Bernoulli numbers of higher order. We then use methods which will apply to other formulae involving generalized Bernoulli numbers as well as congruences. They consist in the main of obtaining congruences involving (5) for r = 1 and 2 and then noting that the relations hold for each positive integral value of m. It is then possible to eliminate the m's and obtain entirely new types of formulae involving the ordinary Bernoulli numbers and binomial coefficients only., An example of this depends on the congruence,4 modulo p, 
= 0(mod pi, p"ll-pM2 -p1n -1) ni 0 0(mod p-1); i =1, 2, . ..,j s, 1 + /2+ ... + Os 0(mod p) where the left-hand member is expanded in full and ti(m, k) substituted for ts; c = 1, 2,... s. In another article5 I gave a result which may be obtained from (7) by putting k = 0 and noting that we can take n so that np-1 l(mod pi).
(7a)
The relation (7) is only one of a number of relations of this general type which may be obtained from (4); we may, for example, take any of the f's in (4) as being unity. Also from (4) we may obtain relations similar to (7) but with the O's integers in an algebraic field R and instead of p we have a prime ideal P in R, with also (N(P) -1) replacing (p -1) in the exponents appearing in the left-hand member of (7) , if N(P) represents the norm of P in R.
In particular from (7) we find, for n 0 0 (mod (p-1)), tn(tp -1 1)j 0(mod pi, pn -1 from which we obtain, after employing it is easy to show that a regular prime is not a proper divisor of any Bernoulli number but an irregular prime is a proper divisor of an infinity of Bernoulli numbers, if we define a regular prime as one that divides at least one of the Bernoulli numbers B,,; n = 1, 2, 3, ... (p -3)/2. This provides then-a separation of primes into two classes. It is possible to extend all of these notions to numbers of the type (mb + k)'. To provide a straight generalization of the notion of regular prime we may first restrict ourselves to n even. Elsewhere7 the writer proved that if n = nip, ni 1 0(mod p -1), (m, p) = 1, then (mb + k)n = 0(mod p), where m and k are integers, p prime. In view of this relation we may generalize directly the concepts of regular and irregular primes, and also proper and improper divisors. If none of the numbers (mb + k)2"; with n = 1, 2, . . ., (p -3)/2 is divisible by p we say that p is (m, k) regular; otherwise it is termed (m, k) irregular. In view of the result just quoted, it is easy to show that, employing (8) for j = 1 that a prime which is (m, k) regular is not a proper divisor of any generalized Bernoulli number of the first order defined by m and k, whereas, an (m, k) irregular prime is the proper divisor of an infinity of (m, k) Bernoulli numbers. In view of this, corresponding to each integral value of m excepting m = 0 and each integral value of k, there is a separation of the rational primes into two classes. We may obviously extend the notion of (m, k) regular primes to the case where n is odd and less than p -1. Primes which do not divide any of the (mb + k)"; n = 1, 2, p -2, will be referred to as strongly (m, k) regular. Such primes exist; it will be found that 5 is a (3, 1) strongly regular prime and 7 is a strongly (3, 2) regular prime. Elsewhere8 the writer proved the congruence theorem concerning ordinary Bernoulli numbers. This theorem also holds if we replace the ordinary Bernoulli numbers by any Bernoulli numbers of the first or second order. Then, by the method indicated in the present paper, we can obtain new relations involving the ordinary Bernoulli numbers. If we employ the relation (5) on page 199 of a paper4 previously referred to, together with (7a) of the present paper, we obtain, on the elimination of m, and k, congruences analogous to (9) but involving products of two Bernoulli numbers in each term. Kasner's extension of this result is that the total group of lineal-element transformations which send all isothermal families into isothermal families is given in cartesian coordinates (x, y, 0 = arc tan dy/dx) by x = +(x, y), Y = (x, y), e = a0 + h(x,y), (1) where 4 + i4y6 is a monogenic function of z = x + iy, h is any harmonic function of (x, y), and a is a non-zero constant. The contact part is merely the conformal group.' This is a generalization to transformations of first order differential
